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Last time:

Linear programming : expressing and solving linear optimization problems .

Note : dynamic programming F linear programming
[ recursion it memoitation ] [ high - dim optimization problem ]

Today :

Maximizing flow in a network ( graph with capacities )

• Some
"

direct
"

applications : pipes moving water toil , traffic in roads , . . .

• Numerous
"

indirect
"

applications as a powerful subroutine :

bipartite matching , airline scheduling , edge-disjoint paths , . . .



Inputs : directed graph G -- (YE)

source SEV and sink tf V

positive capacities c : E → I > o

Output : maximum flow from s to t

def: A ( feasible ) flow is a function f : E → R that satisfies :

① capacity constraints : te E E ,
of f- tels Cle)

② conservation constraints : fue Visit 3
, ,§u,ee flu, a) = , ⇐ flail

defi The value of a ( feasible) flow f : E → IR is

Val Cf ) ¥, flsa
) (also equals ÷, flu,H ) .



Example I
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value -- 4 this is a maximum flow
because of out above

Q : how do we find maximum flows ?



A generic solution

we want to solve this optimization problem :

max val Cf ) S.t. f is feasible wet
. I G.s,t.cl .

claim network flow reduces to linear programming

proof : The variables are f f le) 3
eee .

There are OHHHH ) linear constraints :

(feet feel > o
,
Heke les ) and ft ut VK.t3.TW?u,eefCuiul*%eeftuit) .

The objective function is linear : Val (f) i = I f- IS ,u) .
Ba

b.UIEE

Hence we can solve the problem via linear programming :

xm== ( G. s, t, c) - claim-A Xue - LP algo→ LP solution → NF solution

IXLPHOCIXNH )

This takes time poly ( Kopi) -- poly llxnft ) . Can we do better ?



Towards a direct algorithm for Network Flow ( direct -- w/o reducing to LP )

Attempt : greedy strategy f
• vertices V : = V

① init a zero flow : KeeE flu o
. edges Et :-. E

② repeat the following until no longer possible : . capacities

pick any path from s to t in the residual network Gf * Cf les Cle) - Hel

and increase the flow f by max amount possible on this path

⇐
s i. is

E"

s . t s . t s . t s . t

Val = I we are stuck Val = 2

The greedy strategy fails to find the maximum flew .



Idea : enable new paths to cand existing flow ( not greedy anymore )
-

New definition of residual network Gt

• vertices Vt : = V (as before)1. edges et : -innit "ii. ii.iii. ii."iii.iii.iii??.. . "",
• capacities Cfl UN ) :

-

- { if fr
,
use E and fir

,
u) > o : fHu)

( we can now add chit- flu,v ) to an edge (air) at sub - capacity ,or send back ffv
,
u) on an edge ( u, v) to cancel the flow Hr,u) on Hal .

only difference is

Algorithm : ① init a zero flow : KeeE fte) : = o def of residual network

② repeat the following until no longer possible :
t

pick any path from s to t in the residual network Gf
and increase the flow f by max amount possible on this path

We are left to discuss : . efficiency
• correctness



Running time of Max Flew algorithm :

In each iteration :

OCIEl ) for deducing residual network , finding an CS. -4 - path
, updating the current flow

How many iterations
?

• There are examples where the algorithm does Not terminate !

• If capacities are integers in 9,2 . . . . , c 3 and arbitrary choice of IS
,

H - paths :

Val ( fi ) is an integer and Val ( fit , ) > Val (fi )

④ only weakly
so # iterations E Val If

ma.
) s c . I El . (④ itshifigbofnd) polynomial time
-

⇒ this is the Ford - Fulkerson algorithm and has time Of IEI . val Cfmaxl) .

• If use BFS ( fewest edges) to find IS
,
H- paths :

# iterations s 01M . I Et ) ( this requires a proof but we do not discuss it)

⇒ this is the Edmonds-Karp algorithm and has time Of TEI ' - IVI) .



I

cuts Bound Flows

An 1st) - wt in G -- (VE) is a pair 1L ,R) sit . SEL , te R , LUR -- V , LnR=0 .

def capacity ( L , R ) := total capacity from L to R (w/o subtractions) .

Ex :
A z D

.f→\
,

L -- {s.A.B.c.DZ

S .•→;g i , ,•t R - { E
,
t 3

÷•-off capacity It , R)
-
- 8

,
vallfmax)e8

C 5 E

Observation: tf Is.tt - flaw f tf Is .tl -wt CL, R) rat tf ) s capacity ( L ,R ) .

Other choices of wt give better upper bounds
:

( = { S, A. 133
this is optimal because I flow f s .t . ralf f) = 7

/ and so it certifieso.tt?-..DzR--fc.D.E.t3
p

that f is optimal
s . of I. t

capacity ( L ,R) -- 7
4 o.c-o.rs/-

C 5 E



Max- Flow Min - Cut Theorem If:X,
val H) = confirm , capacity

Kir)

Proofi
We have already shown that ,

t flow f f at CL
,
R)

,

rat (f) s capacityHR) .

Let f-
*

be a max flow in G .

There is no path from s to t in 6ft ( for otherwise we could improve ft) .
Define
L :

-

- { r E V sit . I path from s to v in Gt
*

I and R : = VIL .

Note that ( L , R) is an 1st) - out because SEL
,
TER

,
and CL

,
R) partition V.

Moreover :
capacity (L, R) -- val HM .

L
R • f-Tel -- Cle) [ if ftelekde ) then s has a path into R in 6ft]

• file' ) -- o [ if Hey > o then s has a path into R in 6ft]
So the net flow across CL ,R) is capacity ( L , R ) . BB

I we also deduce the correctness of the max flow algorithm !


